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The relationship of the definition of a completely characteristic normal vibration to the stationary
properties of force and compliance constants is examined. The corresponding properties of various
distributions of potential, kinetic, and total vibrational energy are described.

As there are different definitions of characteristic
vibrations in the literature 2% and the term char-
acteristic is often used loosely, we feel it worthwhile
to clarify this topic.

The most physically reasonable definition of a
completely characteristic normal coordinate seems
to be the following: the normal coordinate Qy is
said to be completely characteristic of the symmetry
coordinate S; if and only if

L= (671, Ly=0(Vp=i). (1)
Equation (1) is equivalent to the condition
(L= (1", (L7Y)u=0(Vs+k). (2)

A strictly analogous definition of a completely
characteristic normal force can also be given. The
normal force ;¥ is said to be completely char-
acteristic of the generalized symmetry force f; if
and only if

Liy=Gi", Ly=0(Vs=+k). (3)

Equation (3) is equivalent to the condition
(L7pi=6Gi "y (LY 3p=0(Vp+i). (4)

Usually, an accepted form of definition of the
potential energy distribution (P.E.D.), kinetic
energy distribution (K.E.D.), and recently of the
total energy distribution 24723 (T.E. D.) is used to
interpret the degree of mixing of the symmetry
coordinates S; in any normal mode of vibration.
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The choice of the parameters (such as force con-
stants, compliance constants, symmetry coordinates,
etc) among which the potential energy V'), the
kinetic energy T'% and the total energy E'¥ of a
normal vibration Q) can be distributed is some-
what arbitrary. Several different distributions are
examined below in the light of our definition of a
completely characteristic vibration. Finally, we re-
late that definition to the concept of a characteristic
set of symmetry coordinates advocated by Herranz
et alias 1% 22,

a) — P.E.D. among n(n+1)/2 distinct torce
constants Fj; (j=1,...,n; i<j).

The P.E. contribution V% (F);; associated with F;
in the k-th frequency is

V& (F)y = (2 —8y) Lip Ly Fi; A1 (5)
V% (F);; is invariant to scaling changes and, since
2 ZVOF)y=1(vk), (6)

'U'Sf{

V& (F) represents the fraction of the P. E. of the
k-th frequency associated with F;; .

The disadvantage of a definition ® that omits the
factor A, 1 from Eq. (5) is that the sum of such
unnormalized contributions is .1;, not unity. Omis-
sion of the factor (2-9;) from Eq. (5) corre-
sponds to defining a P.E.D. among n? force con-
stants and to regarding F;; and Fj; as distinct: this
variant has no special advantage over Eq. (3)
above.

The analogue of Eq. (5) for the K. E.D. among

G ! elements is
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T®(G1);; = (2—0;) L Lix(G™) 53
The contributions T (G™');; are invariant to
scaling changes 7 and their sum is unity:
2 2T®(GY);=1(Vk).
i<h
Finally, the T.E.D. among the F and G™! elements
is given by _
E®(F,G™Y)y=[V®(F); +TW(G™Y)]/2
(9)

R LT

(8)

that is
E®(F,671) ;= L _2(5”")’ [Fi A,
+ (G Yl Ly L. (10)
Therefore, for a completely characteristic normal
coordinate Q. it follows from Egs. (1), (5), (7)

and (10) that 14 18,24

V@ (F)u=1, (11a)
V& (F);=0 (Vi+j), (11b)
Tukl(G--l)Hzl 5 (12&)
TR (G1);=0 (Vi+]) , (12b)

and
E®(F,61;=1, (13 a)
E®(F,G™1);=0 (Vi+])) . (13 b)

It should be noted that Eq. (11a) or (12a) or
(13 a) alone does not necessarily specify a com-
pletely characteristic normal coordinate Q. The
“Potential energy criterion” of Becher and Bal-
lein 26 exemplifies this fact.

Taylor has shown? that, if contributions V% (F);
and T™® (G1); predominate in Eqgs. (11) and (12),
then both such contributions approach unity and, in
the limit,

Ap—Fi(G™1) ;! (14)

represents the frequency that characterizes this
fully decoupled k-th vibration which then involves
only the symmetry coordinate S;. It was later
shown !* that the formula

Fii=A,(G Yy (E=1,... (15)

describes the n stationary values of F;;, each of
which pertains to a normal frequency Ay (k=1,
..., n) that corresponds to a fully decoupled sym-
metry coordinate S;. The necessary and sufficient
condition for Fj; to possess the stationary values of

Eq. (15) is given by Eq. (1) or (2).

. n)
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b) — P.E.D. among n(n-+1)/2 distinct com-
pliance constants C;;. The P.E. contribution

V® (C)y; associated with C;; in the k-th frequency
is 14, 20

VE(C) iy =(2—08;) (LY (LY Cj A (16)
in which C;; =(F ). V*(C);; is invariant to
scaling changes and, since

S S V®(C),=1(VE),
G<i)

(17)

it follows that ¥ (C);; represents the fraction of
the potential energy of the k-th frequency associated
with C,‘j .

The equation

Cii=Gii *’1k_1 (k= Liis wzift) (18)

describes the n stationary values of C;;, each of
which pertains to a normal frequency .A;(k=1,
..., n) that corresponds to a fully decoupled sym-
metry force f;. The necessary and sufficient con-
dition for C; to possess the stationary values of
Eq. (18) is given by Eq. (3) or (4).

The K. E.D. among G elements [T (G);;], and
the T.E.D. among C and G elements [E* (C,G);;]
can easily be defined ). Then, for a completely
characteristic normal force f,¥ would follow con-
ditions analogous to Equations (11), (12), and
(13).

¢) — P.E.D., K.E.D. and T.E.D. among n
symmetry coordinates S§; (i=1,...,n).

The potential, kinetic, and total energy con-
tributions, ¥;*), T;®) and E/*), respectively, as-

sociated with S; in the k-th frequency are defined
9. 11, 17, 20, 23, 24

as
Vi¥ = 3 Ly Ly Fiy Ayt =L (L™ 34, (19)
i=1
T;®) E.ZlLik Ly(G™Y)y; =Ly (L™Y 4,  (20)
¥=
and

E® = [Vi® + T2 =Lyp(L ™).  (21)

These equal quantities, denoted M;'*’, obey the
relationships

E M,-""f’ =1 : Z M‘_(.&-) =i E Z M,—”"\' =n (22)
i k i k
and are invariant to scaling changes. M;'®) can be

regarded as the fractional contribution from each
S; to the energy of the k-th frequency.
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Only in the 2 <2 case is the matrix M with
elements given by M; = M, necessarily sym-
metric 71 In the general case the choice of
L — G ensures that M,") — M,'", but the converse
is nol true.

If the normal coordinate Q. is completely char-
acteristic of the symmetry coordinate §;, it follows
from Eqs. (1), (2), and (19) — (21) that19:23.24

M =1, M;®=0(Vj=i). (23)

But the converse is not always true; i.e. Eq. (23)
is not generally a sufficient condition for Q, to be
completely characteristic of 8;. For example, if L
is lower triangular (see References 12714 17720, 23-24)
it follows that

M = by (Vi, V) . (24)

However, in this example, only one normal coordi-
nate is completely characteristic of a particular sym-
metry coordinate; specifically, Q, is then com-
pletely characteristic of S, because L;,=0( j=+n);
[see Eq. (1)]. The failure of Eq. (24) to guarantee
that Q) is completely characteristic of S; is a dis-
advantage of defining the P.E., K.E. and T.E. as
distributed among the n symmetry coordinates ac-
cording to Equations (19) — (21).

d) — Characteristic set of symmetry coordinates.
Of all sets of symmetry coordinates 8"=U"S re-
lated to a given set § by orthogonal transforma-
tions U, the set

S.=U.S

for which the corresponding normal coordinate
transformation L. =U,-L is symmetric and has its
trace maximized is designated by Herranz et al.1%22
as the “characteristic set of symmetry coordinates.”
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The connection between this characteristic set de-
fined by Herranz et al. and the single symmetry
coordinate defined in our Eq. (1) or (2) for a
completely characteristic vibration is remote, except
perhaps for the following analogy: if Q, is com-
pletely characteristic of S; in the sense of Eq. (2)
then (L 1), is maximal, whereas if S, is the char-
acteristic set in the sense of Eq. (25) then %‘(L")H

is maximal. Even this analogy is slightly misleading

in that the maximal property of (L™'), . but not

that of 2 (L71),, is independent of scaling. The
t

suggestion of Herranz et al. 22 that the elements (or
their squares) of V. =L-G " be used instead of
the P.E.D. among n symmetry coordinates would
entail sacrificing to desirable invariance to scaling
of the P. E. D. quantities.

In conclusion we emphasize that schemes for
partitioning the vibrational energy of a normal
frequency among coupled symmetry coordinates
(or their force constants, etc...) are somewhat
artificial and are, at best, only roughly descriptive
visualizations of the normal coordinate transforma-
tion itself. The case of a normal coordinate that is
completely characteristic of one symmetry coordi-
nate is exceptional and represents the accidental
splitting off from the secular equation of a fully
decoupled one dimensional factor.
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