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The relationship of the definition of a completely characteristic normal vibration to the stationary 
properties of force and compliance constants is examined. The corresponding properties of various 
distributions of potential, kinetic, and total vibrational energy are described. 

As there are different definitions of characteristic 
vibrations in the literature 1 - 2 5 and the term char-
acteristic is often used loosely, we feel it worthwhile 
to clarify this topic. 

The most physically reasonable definition of a 
completely characteristic normal coordinate seems 
to be the following: the normal coordinate Q/, is 
said to be completely characteristic of the symmetry 
coordinate S, if and only if 

Lik= (G _ 1 ) / i _ , / i » £p* = 0 ( V p * i ) . ( D 

Equation (1) is equivalent to the condition 

( L _ 1 ) A i = (G _ 1 ) , j1 / l , ( L - i ) s i = 0 ( V s * A : ) . (2) 

A strictly analogous definition of a completely 
characteristic normal force can also be given. The 
normal force f/,X is said to be completely char-
acteristic of the generalized symmetry force f, if 
and only if 

Llk = Gn1'', Lis = 0(Vs=f=fi) . (3) 

Equation (3) is equivalent to the condition 

(L~ i)ki = Gn~ , , t, ( L - ^ - O f V p + i ) . (4) 

Usually, an accepted form of definition of the 
potential energy distribution (P. E. D.) , kinetic 
energy distribution (K. E. D.) , and recently of the 
total energy distribution 2 4 - 2 5 (T. E. D.) is used to 
interpret the degree of mixing of the symmetry 
coordinates S, in any normal mode of vibration. 
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The choice of the parameters (such as force con-
stants, compliance constants, symmetry coordinates, 
etc) among which the potential energy V'k\ the 
kinetic energy T'k) and the total energy E'k) of a 
normal vibration Q k can be distributed is some-
what arbitrary. Several different distributions are 
examined below in the light of our definition of a 
completely characteristic vibration. Finally, we re-
late that definition to the concept of a characteristic 
set of symmetry coordinates advocated by Herranz 
et alias 10- 22. 

a) — P. E. D. among n(n + l ) / 2 distinct lorce 
constants Fjj ( j = 1, ..., n; i j) . 
The P.E. contribution V ik ) (F) associated with F;;-
in the k-th frequency is 

v{k) (F ) u = (2 - öu) Lik Ljk Fjj . (5) 
V'k] (F) jj is invariant to scaling changes and, since 

2 2 VW(F)i}=l(Vk) , (6) 
i i 

V'k) (F) jj represents the fraction of the P.E. of the 
A;-th frequency associated with Fjj. 

The disadvantage of a definition 6 that omits the 
factor Ak~l from Eq. (5) is that the sum of such 
unnormalized contributions is Ak, not unity. Omis-
sion of the factor (2 — d,j) from Eq. (5) corre-
sponds to defining a P. E. D. among n2 force con-
stants and to regarding F;;- and Fjj as distinct: this 
variant has no special advantage over Eq. (5) 
above. 

The analogue of Eq. (5) for the K. E. D. among 
G - 1 elements is 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



A. J, P. Alix et al. • Characteristic Molecular Vibrations 1455 

= (2-dij)LikLjk(G-1)ij; 
7 = 1 , . . . , « ; £ / ' . (7) 

The contributions T ^ ( G ~ 1 ) j j are invariant to 
scaling changes 7 and their sum is unity: 

I I r ( * ) ( G - % . = l ( V A 0 . (8) 
i i 

Finally, the T. E.D. among the F and G - 1 elements 
is given by 24 

(F, = [VW (F) „ + TW (£_1)if\/2 
(9) 

that is 

EW (F, G'^n = [Fa A--1 

+ L ikL jk . (10) 
Therefore, for a completely characteristic normal 
coordinate it follows from Eqs. (1 ) , (5 ) , (7) 
and (10) that1 4 '1 8 '2 4 

V(k)(F)ii = 1, (Ha) 

VW(F)u = 0 (V» , ( H b ) 

7 ' ^ ( G ~ 1 ) « = 1 , (12 a) 

T W ( 6 - ^ ^ = 0 ( V i + . (12b ) 
and 

G - 1 ) « = l , (13 a) 
# * > ( F , G - % - = 0 (Vi4= 7) • (13b ) 

It should be noted that Eq. (11a) or (12 a) or 
(13 a) alone does not necessarily specify a com-
pletely characteristic normal coordinate Q^-. The 
"Potential energy criterion" of Becher and Bal-
lein 26 exemplifies this fact. 

Taylor has shown7 that, if contributions V^k> (F)u 
and T^ (G~x) a predominate in Eqs. (11) and (12), 
then both such contributions approach unity and, in 
the limit, 

A ^ F - a i G - i ) » - 1 (14) 
represents the frequency that characterizes this 
fully decoupled k-ih vibration which then involves 
only the symmetry coordinate S, . It was later 
shown 14 that the formula 

Fn = Ak(G~1)ii (k = 1,..., n) (15) 

b) — P. E. D. among n(n +1)/2 distinct com-
pliance constants Cij. The P. E. contribution 

(C) ij associated with C-,j in the A:-th frequency 
is 14> 20 

FW (C) a = (2 - 6i}) (L~l)ki (L"1)kj C^ Ak (16) 

in which C-,j =>(F~l) }j. V^(C)ij is invariant to 
scaling changes and, since 

2 2 v(kHC)ij = i (vk), (17) 
i i 
(i<i) 

it follows that V(-k> (C) ij represents the fraction of 
the potential energy of the A>th frequency associated 
with Cjj. 

The equation 14 

Cu = GüAk~x (A = 1, ...,/») (18) 

describes the n stationary values of Fy , each of 
which pertains to a normal frequency Ak(k = l, 
..., n) that corresponds to a fully decoupled sym-
metry coordinate S; . The necessary and sufficient 
condition for Fa to possess the stationary values of 
Eq. (15) is given by Eq. (1) or (2) . 

describes the n stationary values of Cu, each of 
which pertains to a normal frequency Ak(k = l, 
. . . , n) that corresponds to a fully decoupled sym-
metry force f i . The necessary and sufficient con-
dition for Cu to possess the stationary values of 
Eq. (18) is given by Eq. (3) or (4) . 

The K. E. D. among G elements [ 7 ^ (G))?], and 
the T.E.D. among C and G elements (C, 
can easily be defined24. Then, for a completely 
characteristic normal force would follow con-
ditions analogous to Equations (11), (12) , and 
(13) . 

c) - P.E. D., K.E. D. and T .E .D. among n 
symmetry coordinates S; (i = 1, . . . , n). 

The potential, kinetic, and total energy con-
tributions, Vfk>, Tf^ and Efk\ respectively, as-
sociated with Sj in the k-th frequency are defined 
a s 9, 11, 17, 20, 23, 24 

Vi(V = 2 Lik Ljk Fij Ak~x = Lik (L~x) ki, (19) 
7 = 1 

Ti^ = i LjkLjk(G~1)ij = Lik(L~x)ki, (20) 
i = i 

and 
£/*) = +7V*>]/2 =Lik(L-x)ki. (21) 

These equal quantities, denoted Mfk\ obey the 
relationships 

2 Mf® = 1,2 MM = 1 , 2 2 MM = n (22) 
i k i k 

and are invariant to scaling changes. can be 
regarded as the fractional contribution from each 
S; to the energy of the A:-th frequency. 



A. J, P. Alix et al. • Characteristic Molecular Vibrations 1456 1456 

Only in the 2 x 2 case is the matrix M with 
elements given by Mjj = Mji> necessarily sym-
metric1 7 - 1 9 . In the general case the choice of 
L = G1/2 ensures that — Mk ( n , but the converse 
is not true. 

If the normal coordinate Q/t is completely char-
acteristic of the symmetry coordinate S,, it follows 
from Eqs. (1) , (2) , and (19) - (21) that1 9 '2 3 '2 4 

= 1 , M/*> = 0 ( V / = M ) . (23) 

But the converse is not always true; i.e. Eq. (23) 
is not generally a sufficient condition for Q,. to be 
completely characteristic of S , . For example, if L 
is lower triangular (see References 12~14> 1 '~20, 23_24) 
it follows that 

M^ = dik{\i, Yk) . (24) 

However, in this example, only one normal coordi-
nate is completely characteristic of a particular sym-
metry coordinate; specifically, Qw is then com-
pletely characteristic of Sw because Ljn = 0 ( ; 4= n); 
[see Eq. ( 1 ) ] . The failure of Eq. (24) to guarantee 
that Q/, is completely characteristic of S; is a dis-
advantage of defining the P. E., K. E. and T. E. as 
distributed among the n symmetry coordinates ac-
cording to Equations (19) — (21). 

d) — Characteristic set of symmetry coordinates. 
Of all sets of symmetry coordinates S' = U - S re-
lated to a given set S by orthogonal transforma-
tions U, the set 

Sc = u c - S (25) 

for which the corresponding normal coordinate 
transformation Le = U (.-L is symmetric and has its 
trace maximized is designated by Herranz et al.10 '22 

as the "characteristic set of symmetry coordinates." 

The connection between this characteristic set de-
fined by Herranz et al. and the single symmetry 
coordinate defined in our Eq. (1) or (2) for a 
completely characteristic vibration is remote, except 
perhaps for the following analogy: if Q/ is com-
pletely characteristic of S, in the sense of Eq. (2) 
then ( L - 1 ) tt is maximal, whereas if S c is the char-
acteristic set in the sense of Eq. (25) then 2 { L ~ 1 ) f t 

t 
is maximal. Even this analogy is slightly misleading 
in that the maximal property of ( L - 1 ) ^ , but not 
that of 2 ( L - 1 ) tt, is independent of scaling. The 

t 

suggestion of Herranz et al.22 that the elements (or 
their squares) of V C = L ' G " ' ' ! be used instead of 
the P. E. D. among n symmetry coordinates would 
entail sacrificing to desirable invariance to scaling 
of the P. E. D. quantities. 

In conclusion we emphasize that schemes for 
partitioning the vibrational energy of a normal 
frequency among coupled symmetry coordinates 
(or their force constants, etc. . .) are somewhat 
artificial and are, at best, only roughly descriptive 
visualizations of the normal coordinate transforma-
tion itself. The case of a normal coordinate that is 
completely characteristic of one symmetry coordi-
nate is exceptional and represents the accidental 
splitting off from the secular equation of a fully 
decoupled one dimensional factor. 

Acknowledgements 

One of the author (A .M. ) , thanks the "Deutsche 
Forschungsgemeinschaft", the "Fonds der Chemi-
schen Industrie" and the NATO (Scientific Affairs 
Division; Grant n° 534) for financial support. 

1 E. B. Wilson Jr., J. C. Decius, and P. C. Cross, Molecular 
Vibrations, McGraw-Hill, New York 1955, p. 246. 

2 J. Brandmüller and H. Moser, Einführung in die Raman 
Spektroscopie, Steinkopff-Verlag, Darmstadt 1962, p. 320. 

3 D. Hadzi, Infrared Spectroscopy and Molecular Structure, 
ed. M. Davies, Elsevier, Amsterdam 1963, p. 226. 

4 N. B. Colthup, L. H. Daly, and S. E. Wiberley, Introduc-
tion to Infrared and Raman Spectra, Academic Press, New 
York 1964, p. 168. 

5 P. Torkington, J. Chem. Phys. 17, 347, 1026 [1949], 
6 Y. Morino and K. Kuchitsu, J. Chein. Phys. 20. 1809 

[1952]. 
7 W. J. Taylor, J. Chem. Phys. 22,1780 [1954]. 
8 J. M. Ruth and R. J. Philippe, J. Chem. Phys. 41, 1492 

[1964]. 
9 P. Pulay and F. Török, Acta Chim. Hung. 44, 287 [1965] ; 

47 ,273 [1966]. 

10 J. Herranz and F. Castano, Spectrochim. Acta 22. 1965 
[1966] ; Anales Real Soc. Espan. Fis. Quirn. Madrid Ser. 
A 62, 199 [1966]. 

11 J. M. Freeman and T. Henschall, J. Mol. Spectrosc. 25, 
101 [1968]. 

12 A. Müller, Z. Phys. Chem. 238, 116 [1968] ; C. J. Peacock 
and A. Müller, J. Mol. Spectrosc. 26, 454 [1968] ; A. Mül-
ler and C. J. Peacock, Mol. Phys. 14, 393 [1968] ; Z. 
Chem. 8 , 70 [1968], 

13 G. Strey and K. Klauss, Z. Naturforsch. 23 a, 1717 [1968]. 
14 D. E. Freeman, Z. Naturforsch. 24 a, 1965 [1969] ; J. Mol. 

Struc. 4 ,145 [1969]. 
15 G. Strey, K. Klauss, and J. Brandmüller, Mol. Phys. 16, 

99 [1969]. 
16 A. Müller. R. Kebabcioglu, and S. J. Cyvin, J. Mol. Struc. 

3, 507 [1969] ; C. J. Peacock, U. Heidborn, and A. Müller, 
J. Mol. Spectrosc. 30, 338 [1969]. 



A. J, P. Alix et al. • Characteristic Molecular Vibrations 1457 

17 A. Alix and L. Bernard, C. R. Acad. Sei. Paris 268 B. 
1307 [1969] ; 269 B, 812 [1969]. 

18 D. E. Freeman, Mol. Phys. 18, 133 [1970] ; Z. Naturforsch. 
25 a. 217 [1970]. 

19 A. Alix, These 3e Cycle Reims (1970) ; A. Alix and L. 
Bernard, C. R. Acad. Sei. Paris 270 B, 66, 151 [1970]. 

20 A. Alix, D. E. Freeman, and L. Bernard, C. R. Acad. Sei. 
Paris 273 B, 247 [1971] ; A. Alix and L. Bernard, Z. Na-
turforsch. 27 a, 593 [1971] ; C. R. Acad. Sei. Paris 272 B. 
528 [1971]. 

21 G. Keresztury and G. Jalsovsky, J. Mol. Struc. 10, 304 
[1971]. 

22 J. Herranz, J. L. Nieto, and G. Del Rio. Anales de Fisica 
68,321 [1972]. 

23 A. Alix, These Doctorat es Sciences, n° CNRS 9063, Reims 
1973; A. Alix, N. Mohan, and A. Müller, Z. Naturforsch. 
28 a, 1158 [1973] ; A. Alix, L. Bernard, N. Mohan, S. N. 
Rai, and A. Müller, J. Chem. Phys. France 70, 1634 
[1973]. 

24 A. Alix, A. Müller, and L. Bernard, C. R. Acad. Sei. 
Paris 278 B, 525 [1974] ; A. Alix and A. Müller, J. Mol. 
Struc., in press. 

25 E. Rytter, J. Chem. Phys. 60. 3882 [1974], 
26 H. J. Becher and K. Ballein, Z. Phys. Chem. Frankfurt NF, 

34, 302 [1967]. 


